Proof by Induction
Question 1: Prove by induction that the sum of the first n odd numbers is n2.
1+3+5+---+(2n-1)=n?

Question 2: Prove by induction that for any integer n > 1,

2
13+23+33+___+n3:((n(n2+1))

Question 3: Prove by induction that for all integers n> 1,
2">n

Question 4: Prove by induction that for all integers n >4,
nt>2"

Question 5: Prove by induction that for any integer n > 1,

_n@Bn-1)
2

1+4+7+---+(3n-2)

Question 6: Prove by induction that for all n > 1,
5n-1is divisible by 4.
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Solutions

Solution 1: Prove that the sum of the first n odd numbers is n?

Step 1: Base Case (n = 1):

1 =17
So the base case holds.
Step 2: Inductive Hypothesis:
Assume that the formula holds forn — &, i.e,
143454+ (2k—1) =k

Step 3: Inductive Step:

We must prove the formula for n = k + L. The sum of the first & 4+ 1 odd numbers is:

143454+ (2k— 1)+ (2(k+1) - 1)
Using the inductive hypothesis, the sum becomes:

k* 4 (2k + 1)
Simplifying:
k> +2k+ 1= (k+1)°
Thus, the formula heolds forn — k& + 1.

Conclusion: By induction, the formula holds foralln = 1.

2
Solution 2: Prove that 1% | 2% 1 3%  -.. | n® = (H(HH}) .

2
1% = (%)J =1

Step 1. Base Case (n = 1):

S0 the base case holds.
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Step 2: Inductive Hypothesis:

Assume the formula holds forn — &, i.e,

o2 s - (HEED)

2

Step 3: Inductive Step:

We need to prove the formula for n = k + 1. The sum of the first & + 1 cubes is:

l:i-'—g:i-'—"'—FJIE;;—'-(k—'- l).'i
By the inductive hypothesis, this becomes:

(@)2 + (k+ 1)

Simplifying this expression:

(@)2* (k+1)* = (“ﬂ* 1)2(;¢+2)>z

Thus, the formula holds forn — k& + 1.

Conclusion: By induction, the formula holds for all n = 1.

Solution 3: Prove that 2" > n foralln > 1.
Step 1: Base Case (n = 1):

21 —2=1
So the base case holds.

Step 2: Inductive Hypothesis:
Assume that 28 = k forsome k > 1.

Step 3: Inductive Step:
We need to prove that PASE N N Using the inductive hypothesis, we know that:

ofl — 9 2k = 9p

Since 2k = k + 1 forallk = 1, we have:
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Thus, the inequality holds forn — k + 1.

Conclusion: By induction, 2" = n foralln = 1.
Solution 4: Prove that n! > 2" forn > 4.
Step 1: Base Case (n = 4):
4 =24 > 2" =16

S0 the base case holds.

Step 2: Inductive Hypothesis:
Assume that k! > 2¥ for some k > 4.

Step 3: Inductive Step:
We need to prove that (k + 1)! = o+l Using the inductive hypothesis:

(k+1)! = (k+ 1)k! > (k + 1)2F
Since k + 1 = 2fork > 4, we have:
(k4 1)2F > 2kt

Thus, (k + 1)! > 2F+L,

Conclusion: By induction, n! = 2" foralln = 4.

Solution 5: Provethat 1 + 4 + 7 +--- + (3n — 2) = —5—.
Step 1: Base Case (n = 1):
1(3(1) -1
LBm-y
2
5o the base case holds.
Step 2: Inductive Hypothesis:
Assume the formula holds forn — k, i.e,
k(3k —1
14+44+7+---4(3k—2) —Q
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Step 3: Inductive Step:

We need to prove the formula forn = &k + 1. The sum of the first k + 1 terms is:

14+447T4+---+ ¥ —2)+(3(k+1)—2)

Using the inductive hypothesis:

k(3k — 1) (k4 D)B(k+1) 1)

2

+ (3k + 1)

Thus, the formula holds forn — k + 1.

Conclusion: By induction, the formula holds forall n = 1.
Solution 6: Prove that 5" — 1 is divisible by 4 for all n > 1.
Step 1: Base Case (n = 1):
50 -1—4
Since 4 is divisible by 4, the base case holds.

Step 2: Inductive Hypothesis:
Assume that 5% — 1 is divisible by 4 forsome k > 1, i.e,

5 — 1 = 4m for some integer m

Step 3: Inductive Step:
We need to prove that 551 — 1 is divisible by 4. Using the inductive hypothesis:

51 1 —5x5" —1=505"—-1)+5-1

By the inductive hypothesis, 5% — 1 s divisible by 4, so we can write 5% — 1 — 4m for some integer

1. Substituting this into the equation:

5570 1 =5 x 4m +4=20m +4
Since 20m + 4 is clearly divisible by 4, we have that 5*7! — 1 is divisible by 4.

Conclusion:

By induction, 5™ — 1 is divisible by 4 for all n > 1.
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