Solutions: Worksheet on Partial Fractions
1. Decompose:

Hae + 3 B A N B
(z+1)(x+2) z4+1 z+2

e Multiply through by (z + 1)(z + 2):
S5c+3=A(z+2)+ B(z+1)

¢ Expand and group terms:

Se+3=Ac+24+Bax+B = (A+B)x+ (244 B)

¢ Equate coefficients:
A+B-=5, 2A+B-3

e Solvet A=-2,B=7
* Final Answer:
Scz + 3 B 2 N 3
(z+1)(z+2) =z4+1 z+2

2. Decompose:

w-1___ A B
(z—3)(z+4) =z-3 =x+4

e Multiply through by (z — 3)(z + 4):

Te —7 = Az +4)+ B(z — 3)
e Expand and group terms:

e -7 —Ar+4A+ Bz —-3B — (A+ B)x+ (44— 3B)
* FEquate coefficients:
A+B=7 44A-3B-=-7
o Solve: 4 —2 B —5.
* Final Answer:
Te —7 2 N 5
(z—3)(x+4) =z-3 xo+4

3. Decompose:

4z 45 A L B
(z+2)(z—-1) z4+2 =z-1

e Multiply through by (z + 2)(z — 1):
dr +5= A(z — 1)+ B(z + 2)

* Expand and group terms:

de+5=Ar—- A+ Bzx+2B = (A+B)z+(—A+2B)

* Equate coefficients:

A+B=4  —-A42B=5
e Sole:Ad—=108—=23.
* Final Answer:

dr + 5 B 1 3
Cr2)z- 1) z+2 z 1
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Section B: Repeated Factors

4, Decompose:

2z 4+ 3 A B

- + -
(z+1)2 z+1 (z+1)2

s  Multiply through by (z + 1)*
2r4+3=A(z+1)+ B

e Expand:
20 +3=Az+A+B = Az+(A+B)

e Equate coefficients:

A—2 A4+B-=3
o Solvee A=2 B —=1.

* Final Answer:

2x 43 2 1

@r1)? zi1 @r1p

5. Decompose:

6x + 4 B A N B
[:1:—2)2 r—2 (:1:—2)2

o Multiply through by (z — 2)%
bzr+4=A(z—-2)+B

s Expand:
br+4—Ar—-2A+B = Ar+(-24A+B)

* Equate coefficients:

A=6, —-244+B-=4
s Solvee A — 6, B = 16.
* Final Answer:

b6r+4 6 N 16
(x—-2)2 z-2 (z-2)°

6. Decompose:

3z +7 A N B
(x+3)? z+3 (x+3)°

 Multiply through by (z + 3)*:
3z +T7T=A(z+3)+ B

e Expand:
3x+7=Az+34A4+B = Az+ (3A+ B)

* Equate coefficients:

A=3 3A+B-=T
e Solvee A—=—3 B —= -2
e Final Answer:

Je+7 3 2
(z+3)2 z+3 (z+3)2
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Section C: Mixed Factors (Linear and Repeated)

7. Decompose:

4%° + 2X + 6 A B C

@117 212 z-1 (@ 17

e Multiply through by (z + 2)(z — 1)*
42+ 2X+6 = A(x —1)? + B(z + 2)(z — 1) + C(z + 2)

e Expand:
Az —1)* = A(2® — 22+ 1) = Az — 24z + A

B(z+2)(z — 1) = B(a® + = — 2) = B2* + Bz — 2B
C(x+2)=Cz+2C
Combine terms:
42 +2X+6 = (A+ B)a®+(-24+B+C)z+(A—2B+20)

e Equate coefficients:

A+B—=4, -24+B+C=2 A-2B+20-=6
e Solvee A=2 B =2 0C =4
+ Final Answer:

A2 +2x+6 2 2 4

C+2)@-1° z+42 z2-1 (@-17

8. Decompose:

2¢3¢+10x A ,.B  _C
(z-3)z+1? z-3 z+1 (z+1)2

e Multiply through by (z — 3)(z + 1)%
22+ 10x = A(z + 1)* + B(z — 3)(z + 1) + C(z — 3)
e Expand terms and combine coefficients, following similar steps as in Question 7.
e Solvinggives A=3,B=-1,C=2
* Final Answer:

2x*+10x 3 1 2

@ 3)@r1)? z-3 z+11 (@rip

Section D: Irreducible Quadratic Factors

9. Decompose:

3z’ +4xr+2 A L Bz+C
(z+1)(«2+22+2) ao+1 22+2x+2

 Multiply through by (z + 1)(z? + 2z + 2):
32 +4x+2=A(z® +22+2)+ (Bx + C)(z + 1)

e Expand:
Az + 2z +2) = Az® + 24z + 24

(Bz +C)(z +1)=Baz*+ Bz + Ca+ C =Ba> + (B+C)z + C

e Equate coefficients:
A+B=3 244+B+C=4, 244C=2

e Solvee A=1B-=20C=0.
s Final Answer:

32 +4x+2 1 2z
(x+1)(x2 + 2z +2) :c—l—l+:z:2+2:n+2
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10. Decompose:

522+ 7z +3 A Bxr+C

(2 —1)(z2+z+1) :.:'—l+:z:2+:c+l

* Multiply through by (z — 1)(z? + & + 1):
522 4 Te +3=A(e® + 2+ 1) + (B + C)(z — 1)

e Expand and combine coefficients:

A(e®+z+1)= Az’ + Az + A
(Bx +C)(z—1) =Bz -~ Bz +Cz—C = B2+ (C - B)z - C

s Equate coefficients:

A+ B=5, A+C-B=7, A-C=3
e Solve:A=5B=0,C=2
& Final Answer:

522+ Tz +3 5 2
(z —1)(z?+x+1) c 1 Zizt1l

Solutions: Challenge Section

11. Decompose:

222 + 3z + 1 _ A N B N C
(x+2)2%(x—1) -1 z+2 (z+2)°

Step 1: Multiply through by the denominator
Multiply through by (z + 2)%(z — 1):
222+ 32 +1=A(z+2)* + Blz +2)(z — 1) + C(z — 1)

Step 2: Expand each term

1. Expand A(z + 2)%

Az +2)? = A(z® 4+ 4o 4 4) = Ac® + 4Ax + 44
2. Expand B(z + 2)(z — 1):
B(z +2)(z — 1) = B(z* + = — 2) = Ba> + Bz — 2B
3. Expand C(z — 1):

Clz—1)=Cz-C

Combine all terms:
22 +32+1=(A+B)a’+ (4A+ B+ C)z + (4A-2B - C)
Step 3: Equate coefficients
Equate coefficients of .'1:2, x, and the constant term:
1. Coefficientofz®: A + B =2
2. Coefficientofz:44 4+ B+ C =3
3. Constantterm: 44 — 2B —C =1

Step 4: Solve the system of equations
1. romA+B=22B=2- A
2. Substitute B—=2 — AintodA+ B+ C = 3:

4A+(2-A)+C=3 = 3A+C=1 = C=1-34
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3. Substitute B=2—-AandC =1—34intco44 - 2B - C =1:

44-202—A)—(1-34)=1

Simplify:
2
44 -44+24-1+34=1 = 94-5=1 = 94=6 = A—§

4, Solve for B:

B=2-A-2-2_

| e

5. Solve for C"

2
C‘—1—3A—l—3(§)—l—2——l

Final Answer:

(z+2)32*(z—1) =

222 4 3z +1 2 3 1
3,3
-1 z+2 (z+2)?
12. Decompose:
10¢-2x-4 4 B Ca+D
(z—3)(z+1)(z2+1) zz-3 x+1 241

Step 1: Multiply through by the denominator
Multiply through by (z — 3)(z + 1)(z% + 1):

10x2—2x—4 = A(z + 1)(2* + 1) + B(z — 3)(z* + 1) + (Cz + D)(z — 3)(z + 1)
Step 2: Expand each term

1. Expand A(z + 1)(z® + 1):

Az +1)(2® +1) = A(e® 4 2” + 2 +1)
2. Bxpand B(z — 3)(2% + 1):

B(z-3)(e?+1) = B(z* - 32 + = - 3)
3. Expand (Cz + D)(z — 3)(z + 1):
(Cz + D)(z — 3)(z + 1) = (Cz 4+ D)(x2— 2x — 3)) = Cx® — 2Cx* — 3Cx + Dx? — 2Dx - 3D
Combine all terms:
102 ~2x—4 = (A+B+C)z* + (A-3B-2C+D)x* '+ (A+B-3C-2D)x + (A—3B-3D)
Step 3: Equate coefficients

Equate coefficients of :133, :1:2, x, and the constant term:

1. Coefficentofz®: A+ B+ C =0
2. Coefficient of 2% A-3B-2C+D=10
3. Coefficientofz: A+B-3C-2D=-2

4. Constantterm: A—3B-3D=-4

Step 4: Solve the system of equations
1. romAdA+B+C=0C=-4A-B.

2. Substitute C = — A — B into the other equations and solve the resulting system.

e A=2B-=--1C=-1.D=3

Final Answer:

10x% —2x -4 2 1 X—3
(2-3)(z+1)(22+1) 2-3 z+1 a2+1
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