Integration

Student name: Score:

1. Let f(x):%/?‘—%.
Find j F(x)dx.
2. Let f/(x)=12x2-2.

Given that f(-1)=1.find f(x).
3. The curve y= f(x) passes through the point (2. 6).

) dv . 5 .
Given that d_ =3x" =35 find y in terms of x.
X

4. Let f(x)=(3x+4)’. Find

J.f(.‘r) dx .

5. (a) Find dx .
(@) J 2x+3 v
(b) Given that J.3 : —dy=In JP _find the value of P.
02x+3

6. Let f(x) = 4 — 2¢e*. The following diagram shows part of the graph of f.

/

T

AN

W

(@) Find the x-intercept of the graph of f.

(b) Find the area of the region enclosed by the graph of f, the x-axis and the y-axis.

1 &’Ua 1]

0¥

.&)\
www.mathssupport.org -



www.mathssupport.org
https://www.mathssupport.org

7. Let f(x) =sin (¢¥) for 0 <x < 1.5 The following diagram shows the graph of f.

Y

(a) Find the x-intercept of the graph of f.

(b) Find the area of the region enclosed by the graph of f, the x-axis and the y-axis.
8. Let f(x) =6 —In (x2 + 2) for x € R. The graph of f passes through the point (p, 4), where p > 0.

(a) Find the value of p.

(b) The following diagram shows part of the graph of f.

y

P Iz “x
Find the area of the region enclosed by the graph of f, the x-axis and the lines x = —p
and x = p.
3
9. Itis given that L f(x)dx=5.

(a) Write down _[13 2f(x)dx.

(b) Find the value of _[13 (3x” + f(x))dx.
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10.Let f(x) = 2 In (x — 3), for x > 3. The following diagram shows part of the graph of f.

Vv

10

(a) Find the equation of the vertical asymptote to the graph of f.
(b) Find the x-intercept of the graph of f.

(c) Find the area of the region enclosed by the graph of f, the x-axis and the lines x =10

11, Let [ 3f (x)dv=12.
(a) Show that J.Slf{x}dv -4,

al a5

(b) Find the value of | (x+f(x))dv+ | (x+f(x))dr.

12. Let f(x)=5-x". Part of the graph of f is shown in the following diagram.

y
A

The graph crosses the x-axis at the points A and B.

(a) Find the x-coordinate of A and of B
(b) Find the area of the region enclosed by the graph of f, and the x-axis
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13.Let g(x)=—(x—1)*+5.
(a) Write down the coordinates of the vertex of the graph of g.

Let f(x)=x". The following diagram shows part of the graph of £

6
The graph of g intersects the graph of f at x=-1 and x=2.
(b) On the grid above, sketch the graph of g for -2 <x<4.

(c) Find the area of the region enclosed by the graphs of f and g.

14. Let f(x)=xe™ and g(x)=-3f(x) + 1.
The graphs of f and g intersectat x=p and x =q, where p <q.
(a) Find the value of p and of ¢.

(b) Hence, find the area of the region enclosed by the graphs of f and g.
15. Let f(x)=x" and g(x)=3In(x+ 1), for x> 1.

(@) Solve f(x)=g(x).

(b) Find the area of the region enclosed by the graphs of f and g.
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16. Let f(x)=Inx and g(x)=3+]n(gj,for x>0.

The graph of g can be obtained from the graph of f by two transformations:

a horizontal stretch of scale factor g followed by

a translation of [;j

(@) Write down the value of

(N
(i) h;
(i) k.

Let /1 (x)=g(x) x cos(0.1x), for 0 <x <4 . The following diagram shows the graph of /4 and
the line y=x.

Y, y=x

The graph of / intersects the graph of 4™ at two points. These points have x coordinates
0.111 and 3.31, correct to three significant figures.

) () Find r'“ (h(x)—x)dx
0.111 ’
(i) Hence, find the area of the region enclosed by the graphs of # and ™.

(c) Let d be the vertical distance from a point on the graph of / to the line y =x. There is
a point P(a, b) on the graph of & where d is a maximum.
Find the coordinates of P, where 0.111 <a <3.31.
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17. Let f(x)=xe™ and g(x)=-3 f(x) + 1.
The graphs of f and g intersectat x=p and x = ¢, where p < gq.

(a) Find the value of p and of ¢4.

(b) Hence, find the area of the region enclosed by the graphs of f and g.

18. A particle P starts from a point A and moves along a horizontal straight line.

Its velocity v cms™ after ¢+ seconds is given by

2t+2,for0<r<1

v(t)= 4
® 3Wr+——7.for1<r<12
:

The following diagram shows the graph of v.

v

1\/ N

(@) Find the initial velocity of P.

Pisatrestwhen r=1 and r=p.

(b) Find the value of p.

When ¢ = ¢q, the acceleration of P is zero.
(c) (i) Find the value of g.

(i)  Hence, find the speed of P when t=gq.

(d) (i) Find the total distance travelled by P between r=1 and r1=p.

(if)  Hence or otherwise, find the displacement of P from A when t=p.
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www.mathssupport.or



www.mathssupport.org
https://www.mathssupport.org

19. Note: In this question, distance is in metres and time is in seconds.

A particle moves along a horizontal line starting at a fixed point A. The velocity v of the

particle, at time ¢, is given by v(z) = % for 0 <¢<5. The following diagram shows
i |
the graph of v
2_
14
0 '1 ; : R
—1 1
24

There are r-intercepts at (0, 0) and (2. 0).

Find the maximum distance of the particle from A during the time 0 <7<35 and justify
your answer.

20. In this question s represents displacement in metres and t represents time in seconds.

The velocity v ms™ of a moving body is given by v =40 —as where ¢ 1s a non-zero
constant.
(a) (1) If s=100 when =0, find an expression for s in terms of ¢ and 1.

(1) If s =0 when =0, write down an expression for s in terms of ¢ and 7.
Trains approaching a station start to slow down when they pass a point P. As a train
slows down. its velocity is given by v =40—ar, where ¢ =0 at P. The station is 500 m
from P.

(b) A train M slows down so that it comes to a stop at the station.

(1)  Find the time 1t takes tram M to come to a stop, gIving your answer i ferms
of a.

(i1) Hence show that a =—

J

(¢) For a different train N, the value of « 1s 4.
Show that this train will stop before it reaches the station.

ok
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21 The velocity v of a particle at time ¢ is given by v=e " +12¢. The displacement of the
particle at time 7 1s 5. Given that s =2 when 7 =0. express s in terms of 7.

22 In this question distance is in centimetres and time is in seconds.

Particle A is moving along a straight line such that its displacement from a point P, after ¢
seconds, is given by s, =15—7—6r’¢™**, 0<¢<25. This is shown in the following diagram.

5

7 f

(a) Find the initial displacement of particle A from point P.

(b) Find the value of + when particle A first reaches point P.

(c) Find the value of t when particle A first changes direction.

(d) Find the total distance travelled by particle A in the first 3 seconds.

Another particle, B, moves along the same line, starting at the same time as particle A.
The velocity of particle B is given by v, =8—-2¢, 0<7<25 .

(e) (i) Given that particles A and B start at the same point, find the displacement
function sy for particle B.

(i)  Find the other value of # when particles A and B meet.

23. A particle moves along a straight line so that its velocity, v ms™, after ¢ seconds is given
by v(f)=14"-2.7,for 0<t<5.

(@) Find when the particle is at rest.
(b) Find the acceleration of the particle when t=2.

(c) Find the total distance travelled by the particle.

Ok
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24. A particle moves in a straight line. Its velocity vms™ after ¢ seconds is given by
v=06f—6,for0<r<2.
After p seconds, the particle is 2m from its initial position. Find the possible values of p.

25. Aparticle P moves along a straight line. The velocity vms~ of P after + seconds is given by
v(t)=Tcost— 5" for0<t<7.

The following diagram shows the graph of v.

v

(a) Find the initial velocity of P.

(b) Find the maximum speed of P.

(c) Write down the number of times that the acceleration of P is 0ms™.
(d) Find the acceleration of P when it changes direction.

(e) Find the total distance travelled by P.

26. Note: In this question, distance is in metres and time is in seconds.

A particle P moves in a straight line for five seconds. Its acceleration at time ¢ is given
by a=3r—14r+8,for 0<1<5.

(a) Write down the values of t when a=0.

(b) Hence or otherwise, find all possible values of ¢ for which the velocity of P is
decreasing.

When 7= 0, the velocity of P is 3ms™.
(c) Find an expression for the velocity of P at time 1.

(d) Find the total distance travelled by P when its velocity is increasing.
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27. A particle P moves along a straight line. Its velocity Vp ms~ after ¢ seconds is given by

Vp = \/r._sin gt , for 0 <7<8. The following diagram shows the graph of v,.

v/
(a) (i) Write down the first value of ¢ at which P changes direction.

(i)  Find the total distance travelled by P, for 0 <7 <8.

(b) A second particle Q also moves along a straight line. Its velocity, vas“

after ¢ seconds is given by v, =+t for 0 <7<8. After k seconds Q has travelled the
same total distance as P.

Find k.

28. A particle P moves along a straight line so that its velocity, v ms™, after + seconds, is given

by v=cos3r—2sinz— 0.5, for 0 <7< 5. The initial displacement of P from a fixed point O
is 4 metres.

(a) Find the displacement of P from O after 5 seconds.

The following sketch shows the graph of v.

[=]
~

(b) Find when P is first at rest.
(c) Write down the number of times P changes direction.

(d) Find the acceleration of P after 3 seconds.

(e) Find the maximum speed of P.
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Integration
Student name: ANSWERS

1. Let f(¥) =%/.?‘—%.
Find [ f(x)dv. = ; x5 — fie

2. Let f/(x)=12x"-2.

Giventhat f(-1)=1.find f(x). f(x)=4x3—2x+3

The curve y = f(x) passes through the point (2, 6).

: dy ) .
Given that d_l =3x"—5_find y in terms of x. y = 4x3 —5x + 4

N
4. Let f(x)=(3x+4)’. Find
[f@ar. —(3x+4)°+C
5. (a) Find J 7113 dx . %In(zx + 3) +C
3001
(b) Given that J; S dx =In+/P . find the value of P. P =3
x4+

6. Letf(x) =4 — 2e*. The following diagram shows part of the graph of f.

N

N

AN

N4

(a) Find the x-intercept of the graph of f. In 2 (exact); 0.693

11
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(b) Find the area of the region enclosed by the graph of f, the x-axis and the y-axis.
4In2-2;0r 0.773
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7. Let f(x) =sin (¢¥) for 0 <x < 1.5 The following diagram shows the graph of f.

Y

(a) Find the x-intercept of the graph of f.  |n 7 (exact): 1.14

(b) Find the area of the region enclosed by the graph of f, the x-axis and the y-axis. 0.906
8. Let f(x) =6 — In (x? + 2) for x € R. The graph of f passes through the point (p, 4), where p > 0.

(a) Find the value of p. \/e2 — 2

(b) The following diagram shows part of the graph of f.

y

—p P “x
Find the area of the region enclosed by the graph of f, the x-axis and the lines x = —p
andx=p. 221

9. Itis given that _[: f(x)dx=5.
(a) Write down _[13 2f(x)dx. 10

(b) Find the value of _[13 (3x* + f(x))dx. 31
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10. Let f(x) =2 In (x — 3), for x > 3. The following diagram shows part of the graph of f.

Vv

10

(a) Find the equation of the vertical asymptote to the graph of f. x =3
(b) Find the x-intercept of the graph of f. x =4
(c) Find the area of the region enclosed by the graph of f, the x-axis and the lines x =10

.5 15.2
11. Let | 3f(x)dxr=12. 5 53 12
Jl j f(x)dx = _f(x) dx =— =4

(a) Show that J._lf{x}dv =—4. 1 5
’ j f(x)dx = —j f(x)dx = —4
2 29 L
(b) Find the value of | (x+f(x))dv+ | (x+f(x))dr. 16
12. Let f(x)=5-x". Part of the graph of f is shown in the following diagram.

y
A

The graph crosses the x-axis at the points A and B.

(a) Find the x-coordinate of A and of B X =15
(b) Find the area of the region enclosed by the graph of f, and the x-axis 20V, 14.9

3 7
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13.Let g(x) =—(x— 1) +5.

(a) Write down the coordinates of the vertex of the graph of g. (1, 5)
Let f(x) =x". The following diagram shows part of the graph of f.

The graph of g intersects the graph of f at x=-1 and x=2.
(b) On the grid above, sketch the graph of g for -2 <x<4.

(c) Find the area of the region enclosed by the graphs of f and g. area=9

14. Let f(x)=xe™ and g(x)=-3f(x) + 1.
The graphs of f and g intersectat x=p and x=¢, where p <gq.
(@) Find the value of p and of ¢. p=0.537;,9g=2.15

(b) Hence, find the area of the region enclosed by the graphs of f and g. area = 0.538
15. Let f(x)=x" and g(x)=3In(x+ 1), for x> 1.

(@) Solve f(x)=g(x). x=0;x=1.74
(b) Find the area of the region enclosed by the graphs of f and g. area = 1.31
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16. Let f(x)=Inx and g(x)=3+]n(gj,for x>0.

The graph of g can be obtained from the graph of f by two transformations:

(@)

a horizontal stretch of scale factor g followed by

a translation of [;j

Write down the value of

(i) ¢; q=2
Gy hn; h=0
iy k. k=3

Let /1 (x)=g(x) x cos(0.1x), for 0 <x <4 . The following diagram shows the graph of /4 and
the line y=x.

Y, y=x

The graph of / intersects the graph of 4™ at two points. These points have x coordinates
0.111 and 3.31, correct to three significant figures.

(b)

www.mathssupport.org

() Find j::l(h(x)—x)dx. 2.72

(i) Hence, find the area of the region enclosed by the graphs of # and ™.

5.45
Let d be the vertical distance from a point on the graph of / totheline y=x. There is
a point P(a, b) on the graph of & where d is a maximum.
Find the coordinates of P, where 0.111 <a<3.31. a=0.974;b=2.27

15
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17. Let f(x)=xe™ and g(x)=-3f(x)+ 1.
The graphs of f and g intersectat x=p and x = ¢, where p < gq.
(@) Find the value of p andof g. p=0.357; q=2.15

(b) Hence, find the area of the region enclosed by the graphs of / and g. 0.538

18. A particle P starts from a point A and moves along a horizontal straight line.
Its velocity v cms™ after ¢+ seconds is given by

2t+2,for0<r<1

v(t)= 4
® 3Wr+——7.for1<r<12
:

The following diagram shows the graph of v.

v

1\/ v

(@) Find the initial velocity of P. 2

Pisatrestwhen r=1 and r=p.
(b)  Find the value of p. p=>5.22
When ¢ = ¢q, the acceleration of P is zero.
(c) (i) Findthevalueofqg. q=1.95
(i) Hence, find the speed of Pwhen t=¢q. 1.76
(d) (i) Find the total distance travelled by P between r=1 and t=p. 4.45cm

(i)  Hence or otherwise, find the displacement of P from A when t=p.-3.45 cm

16
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19. Note: In this question, distance is in metres and time is in seconds.

20.

A particle moves along a horizontal line starting at a fixed point A. The velocity v of the

particle, at time ¢, is given by v(z) = % for 0 <¢<5. The following diagram shows
i f

the graph of v

There are r-intercepts at (0, 0) and (2. 0).

Find the maximum distance of the particle from A during the time 0 <7<35 and justify
your answer. 2.28m

In this question s represents displacement in metres and t represents time in seconds.

The velocity v ms™ of a moving body is given by v =40 —as where ¢ 1s a non-zero
constant. .
(a) (i) If s=100 when 7=0. find an expression for s in terms of ¢ and ¢. S = 40t — > at?> + 100

(1) If s =0 when =0, write down an expression for s in terms of ¢ and 7. s = 40t — 1 at?
2

Trains approaching a station start to slow down when they pass a point P. As a train
slows down. its velocity is given by v =40—ar, where ¢ =0 at P. The station is 500 m
from P.

(b) A train M slows down so that it comes to a stop at the station.

40
(i)  Find the time it takes train M to come to a stop, giving your answer in terms = -
ofa. 40\ 1 _[40)?
) dow 500 = 40(;) -3 a(;) Stops when v =0
(i1) Hence show that a =—. 500 < %0 v=140_at
(c) For a different train N, the value of @ 1s 4" 0=40-4t
Show that this train will stop beforelit reaches the station. t=10
s =40(10) - - (4)(10)? 200 < 500 So, It will stop
s =200 before it reaches the station

i
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21. The velocity v of a particle at time 7 is given by v=e > +12¢. The displacement of the
particle at time ¢ 15 s. Given that s =2 when =0, express s in terms of 7.

s=-05e+6:1+25 s=-05e2+6t2+25

22.In this question distance is in centimetres and time is in seconds.

Particle A is moving along a straight line such that its displacement from a point P, after ¢
seconds, is given by s, =15—7—6r’¢™**, 0 <t <25. This is shown in the following diagram.

5

\/ t

(@) Find the initial displacement of particle A from pointP. 15 cm

(b) Find the value of r when particle A first reaches pointP. 2 47 ¢

(c) Find the value of r when particle A first changes direction. 4.08 s

(d) Find the total distance travelled by particle A in the first 3 seconds. 17.7 cm

Another particle, B, moves along the same line, starting at the same time as particle A.
The velocity of particle B is given by v, =8—-2¢, 0<7<25.

(e) (i) Given that particles A and B start at the same point, find the displacement
function sy for particle B. Sg(t) = 8t — 6t2 + 15

(i)  Find the other value of r when particles Aand Bmeet. 9.30s

23. Aparticle moves along a straight line so that its velocity, v ms™, after ¢ seconds is given
by v(f)=14"-2.7 for 0<r<5.

(@) Find when the particle is at rest. t=100142.7 (s) exact or t = 2.95 (s)
(b) Find the acceleration of the particle when t=2. 3 (2) =1.96In1.4 (exact), a (2) =0.659

(c) Find the total distance travelled by the particle.  5.35m

18
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24. A particle moves in a straight line. Its velocity vins™ after 7 seconds is given by
v=06f—6,for0<r<2.

After p seconds, the particle is 2m from its initial position. Find the possible values of p.
p=0.4230rp=1.58

D5. A particle P moves along a straight line. The velocity vms™ of P after # seconds is given by
v(t)=Tcost— 5" for0<t<7.

The following diagram shows the graph of v.

v

(a) Find the initial velocity of P. v=7

(b) Find the maximum speed of P. 24.7

(c) Write down the number of times that the acceleration of Pis Oms™. 3
(d) Find the acceleration of P when it changes direction. =-9.25

(e) Find the total distance travelled by P. §3.9

26 Note: In this question, distance is in metres and time is in seconds.

A particle P moves in a straight line for five seconds. Its acceleration at time ¢ is given
by a=3r—14r+8,for 0<1<5.

— 2- —
(a) Write down the values of t when a=0. t= g, t=4

(b) Hence or otherwise, find all possible values of ¢ for which the velocity of P is
decreasing. 63.9

When 7= 0, the velocity of P is 3ms™.
(c) Find an expression for the velocity of Pattime 7. v =3 — 7t2 + 8t + 3

(d) Find the total distance travelled by P when its velocity is increasing. 14.2

L ¥
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27. A particle P moves along a straight line. Its velocity Vp ms~ after ¢ seconds is given by

Vp = \/r._sin gt , for 0 <7<8. The following diagram shows the graph of v,.

4
(i)  Write down the first value of ¢ at which P changes direction.{ = 2
(i)  Find the total distance travelled by P, for 0 <7 <8. 9.65m

. . . . =1
A second particle Q also moves along a straight line. lts velocity, v, ms

after ¢ seconds is given by v, =+t for 0 <7<8. After k seconds Q has travelled the
same total distance as P.

Find .. 5.94 seconds

28. A particle P moves along a straight line so that its velocity, v ms™, after + seconds, is given

by v=cos3r—2sinz— 0.5, for 0 <7< 5. The initial displacement of P from a fixed point O
is 4 metres.

(@)

Find the displacement of P from O after 5 seconds. 0.284 m

The following sketch shows the graph of v.

3_
2_
1
0 ;¢
—14
2
3
4
(b) Find when P is first at rest. 0.180s
(c) Write down the number of times P changes direction. 2 times
(d) Find the acceleration of P after 3 seconds. 0.744
(e) Find the maximum speed of P.  3.28
o
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